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Abstract
By considering the continuity, Navier-Stoks and Poisson’s equations in a
non-relativistic frame work for plasmas, we study the behavior of small am-
plitude ion acoustic solitary waves in plasmas under the influence of a varying
magnetic field. The result is a nonlinear wave equation which complies with
the KdV-Burgers (KdVB) equation, surprisingly in the absence of thermal
pressure or any dissipative effects. We show that the complete set of equa-
tions, by considering the varying magnetic field, create solitary waves which
radiate energy during their travelling in the medium. An interesting result
is the existence of small amplitude localized shock profiles beside the solitary
waves. Properties of this solitaire solution is studied by considering different
values for the environmental characters.
Keywords: Magnetized plasmas, Reductive Perturbation Method , Solitary Waves,
KdV-Burgers equation, Varying Magnetic Field.
I. Introduction
Soon after establishing the idea of the existence of localized waves in plasmas [1, 2, 3],
study of nonlinear waves in such media has become one of the most important topics
in plasma physics. During this times, a huge number of researches have been pre-
sented. Authors have investigated properties of linear and nonlinear localized waves
in coupled magnetized and unmagnetized plasmas containing variety of components
with different distribution functions [4, 5, 6, 7] . Meanwhile there has been re-
ported several experimental tests and observations proving the existence of solitary
waves and shock profiles in laboratory and astrophysical (and atmospheric) plasmas
[8, 9, 10, 11, 12, 13]. However most of situations with different conditions have been
investigated, but still several papers are publishing in related journals containing
newer features.
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There are several mathematical methods for investigating plasma environments.
Numerical simulations based on Magnetohydrodynamic equations of motion for
plasma constituents provides the most accurate outcomes. But this method is
not able to present good functional knowledge. Thus semi analytical methods like
Sagdeev pseudo potential and/or reductive perturbation technique are widely used
by researchers. Indeed most of published papers have used these two semi analytical
methods. Results can be completed by considering stability conditions which shows
permissible values for plasma parameters.
Surprisingly, there are only a very few studies on the collective behavior and
long range interactions in plasmas with non-uniform parameters [14, 15, 16] espe-
cially spatial varying magnetic field, while in realistic situations, magnetic field is
not constant at all. Presented works have tried to treat the problem using numerical
calculations. It may be because of some difficulties in using Sagdeev potential and
reductive perturbation method in such situations. Motivated by this problem, it
seems to be important to examine semi analytical methods to find compact approx-
imate solution for a plasma in a non-uniform magnetic field.
Outlines of this paper are as follows: in the next section we briefly present the
magnetohydrodynamic equations of non-relativistic plasmas in non-uniform mag-
netic field. In the section III, evolution equation of small amplitude waves in
electron-ion plasma at non-uniform magnetic field will be derived, using the re-
ductive perturbation method. Localized solution of derived equation is discussed
and time evolution of the solution in the medium is analysed in this section too.
The last section is devoted to some concluding remarks.
II. Magnetohydrodynamic equations of plasmas in
space dependent magnetic field
Plasma species have different charges and due to the magnetic field, they find dif-
ferent trajectories in the media. Indeed, the whole fluid motion is supported by a
certain velocity, every particle can take a specific velocity which are different and
the effect of this difference is important as a source of perturbation. This means
that, we have to apply the multi fluid approach to describe the system equation of
motion [17, 18, 19]. Separation of plasma constituents in term of their charges due
to strong magnetic field, also has been proven experimentally [20, 21].
For describing the magnetohydrodynamical evolution, we can write a system of
equations which are governed by a conservation law, the energy-momentum equa-
tions of motion and evolution of the electromagnetic field through the Maxwell’s
equations[3, 17, 22, 23]. So the set of equations can be written as following:
∂nj
∂t
+∇.(njuj) = 0 (1)
nj
(
∂
∂t
+ uj .∇
)
uj = −∇pi + nj(E+ uj ×B) (2)
∂B
∂t
= −∇× E (3)
∇×B− ǫµ
∂E
∂t
= µ
∑
i
njuj (4)
∇.B = 0 (5)
2
∇.E =
1
ǫ
∑
j
nj (6)
in which j runs over plasma constituents (here: j = e, i for electrons and ions)
Equations (1) and (2) are the number density continuity equation and non relativis-
tic equation of motion, where uj denotes the velocity of electrons and ions. Also,
the equations (3)-(6) are the Maxwell’s equations with the magnetic field B and
the electric vector field E, while ǫ and µ are effective dielectric constant and mag-
netic permeability respectively. We can combine sets of momentum equations for
plasma particles. So that, by ignoring the displacement current[24], the equation
(4) becomes:
∇×B = µ(niui − neue) (7)
For solving above equations we still need another excess equation, namely the equa-
tion of state, which provides a relation between plasma pressure and other dynamical
variables of the system, like the number density. There is no general analytical so-
lution except that we solve the equations in some special cases where we have more
information about the plasma system.
In order to focus on important points of the problem, let us consider the simplest
plasma, which consists of ions and thermal electrons in the presence of a space
dependent slowly varying external magnetic field along the z axis. As electrons are
in their thermal equilibrium, evolution equations for ions are:
∂ni
∂t
+∇.(niui) = 0 (8)
∂ui
∂t
+ ui.∇ui = −
e
mi
∇Φ+
e
mi
ui ×B (9)
∇2Φ = −
e
ǫ
(ni − ne) (10)
where ni, ui and Φ are the ion number density, the ion mean velocity, and the
electrostatic potential, respectively. We assume that the wave is propagating in the
x−z plane. Thus, the basic set of equations (8)-(10) can be written in a normalized
form as:
∂n
∂t
+
∂
∂x
(nux) +
∂
∂z
(nuz) = 0 (11)
∂ux
∂t
+
(
ux
∂
∂x
+ uz
∂
∂z
)
ux = −
∂φ
∂x
+ buy (12)
∂uy
∂t
+
(
ux
∂
∂x
+ uz
∂
∂z
)
uy = −bux (13)
∂uz
∂t
+
(
ux
∂
∂x
+ uz
∂
∂z
)
uz = −
∂φ
∂z
(14)
∂2φ
∂x2
+
∂2φ
∂z2
= ne − n = e
φ − n (15)
in which n, u and φ are previously defined parameters normalized by ni0 (equilibrium
value of ion number density), Ci =
√
kBTe
mi
and kBTe
e
respectively, while kB is the
Boltzmann’s constant and mi stands as the mass of positively charged ions. The
time t and the distance r are normalized by the ion plasma frequency ω−1pi =
√
mi
ni0e2
3
and the Debye length λD =
Ci
ωpi
respectively. The key variable in our problem is the
space dependent parameter b(r) = ωB
ωpi
where ωB =
eB(r)
mi
. Note that the magnetic
field in our model is a function of space. The electron distribution is assumed to be
Maxwellian, so it is given as:
ne = e
φ (16)
In this step, we construct a weakly nonlinear theory of the electrostatic waves with
small but finite amplitude which leads to a scaling of independent variables through
the stretched coordinates
ξ = ǫ
1
2 (lxx+ lyy + lzz − λt) (17)
τ = ǫ
2
3 t
where ǫ is a small dimensionless parameter scaling the weakness of dispersion and
nonlinearity, λ is the phase velocity (to be determined later) normalized by IA speed
(Ci ). Parameters lx, ly and lz are the directional cosines of the wave vector k along
the x, y and z axes, respectively, so that l2x + l
2
y + l
2
z = 1. We also expand n, ux, uy
and uz in a power series of ǫ
n = 1 + ǫn(1) + ǫ2n(2) + ...
ux = ǫ
3
2u(1)x + ǫ
2u(2)x + ...
uy = ǫ
3
2u(1)y + ǫ
2u(2)y + ... (18)
uz = ǫ
3
2u(1)z + ǫ
2u(2)z + ...
φ = ǫφ(1) + ǫ2φ(2) + ...
Now we use the stretched coordinates (17) and expansions (18) in (11)-(15), and
collect same terms in different powers of ǫ. The final result is the KdV-Burgers
(KdVB) equation yields:
∂φ(1)
∂τ
+ lzφ
(1)∂φ
(1)
∂ξ
+
1
2
lz
(
1− l2z
) ∂
∂ξ
(
1
b2
∂2φ(1)
∂ξ2
)
+
1
2
lz
∂3φ(1)
∂ξ3
= 0 (19)
It should be noted that the important parameter ”b” in the above equation is related
to the variable magnetic field. Now we have more realistic equation which express
the evolution of small amplitude IA solitary waves. In a uniform magnetic field,
evolution equation is a usual KdV equation [25, 26, 27]. It means that stable solitary
waves in uniform magnetic fields move without any dispersion. But our derived
equation shows that in a non-uniform magnetic field (as actual situations) solitary
waves moving with some dispersions, related to the rate of changes in magnetic field.
We will show that some background noise which is observed in moving atmospheric
solitary waves (and also other similar situations) can be created due to moving
localized waves in space dependent magnetic fields.
III. Discussion
In this section a comprehensive study on the features of localized waves is carried
out. The derived localized solution (19) helps us to describe effects of different
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parameters of the medium on the characteristics of propagated ion acoustic solitary
waves. Let us look at the derived equation (19) with more details as follows:
∂φ(1)
∂τ
+ lzφ
(1)∂φ
(1)
∂ξ
+
1
2
lz
(
1 +
(1− l2z)
b2
)
∂3φ(1)
∂ξ3
+
1
2
lz
(
1− l2z
) ∂
∂ξ
(
1
b2
)
∂2φ(1)
∂ξ2
= 0
(20)
As a reminder, the general form of the KdV-Burgers equation is
∂φ(1)
∂τ
+ γφ(1)
∂φ(1)
∂ξ
+ β
∂3φ(1)
∂ξ3
+ η
∂2φ(1)
∂ξ2
= 0 (21)
where γ, β and η are nonlinear, dispersion and dissipation coefficients. It may be
noted that, the coefficient of the dissipative term in (20) is a spatial function, through
non-uniform magnetic field encoded in b(ξ). In the absence of dissipative term (the
KdV equation), nonlinear and dispersion effects may cancel out each others so that
the the result becomes a stable solitary wave as:
φ(1) = φ0sech2
( χ
W
)
(22)
where χ = ξ − uτ , φ0 = 3U
β
and W = 2
√
β
U
while U is the soliton velocity.
But when the dissipative term exists, solitary solution changes into a shock
profile, where soliton emerges amounts of energy radiation during its evolution in
dissipative medium. Equation (20) shows that the dissipative term appears when
the magnetic field is a function of spatial position. Therefore we expect that stable
solitudes radiate energy as shock waves while moving in a variable magnetic field. It
is an important result in most of plasmas like the earth atmosphere. It is clear that
the magnetic field is not constant around the earth, thus we expect solitary waves
change into shock waves while moving in the atmosphere.
In order to study effects of varying magnetic field on the behaviour of soli-
tary solutions, we consider a simple perturbation in the magnetic field as B =
B0
(
1 +Bpe
−αξ2
)
. Normalized function of the magnetic field which appears in the
equation of motion has the form of b = α
(
1 + βe−δξ
2
)
. At positions far from the
perturbation, the magnetic field is constant (B = B0). Therefore at infinity, we
have a stable solitary wave which goes toward the varying magnetic field and spoils
when moving through the perturbation. There has not known exact solution for the
KdVB equation with space dependent coefficients. Thus we have to use numerical
calculation for simulating the evolution of the localized solution in varying magnetic
field. The equation (19) has been solved using the Runge-Kutta method for time
derivation and finite difference method for space derivations. The grid spacing has
been chosen ∆ξ = 0.001 and 0.005 (as cross check for numerical stability of solu-
tion) and time grid spacing has been taken as ∆τ = 0.0001. Figure 1 presents the
solitary solution at t=0 (far from the magnetic field perturbation) and when it has
been passed from the perturbation b = 0.9
(
1 + 0.5e−0.2x
2
)
. The KdV solitary wave
has been located in ξ = −20 while the center of perturbation is ξ = 0. Soliton
has been sent toward the perturbation with speed U = 0.6 and has passed through
the varying magnetic field. Figure 1 shows the soliton when it arrives at ξ = +12.
Interestingly, we find that an extra backward propagating shock structure is created
at the location of perturbation. Amount of radiated energy (and shock amplitude)
becomes greater when changing rate of magnetic field perturbation increases. Figure
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Figure 1: Time evolution of the normalized KdV solitary solution while interacting with the
magnetic field b = 0.9
(
1 + 0.5e−0.2x
2
)
.
Figure 2: Time evolution of the normalized KdV solitary solution while interacting with the
perturbation in magnetic field B = 0.4
(
1 + 0.2e−0.1x
2
)
.
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2 demonstrates solitary wave during the interaction with magnetic field perturba-
tion b = 0.4
(
1 + 0.2e−0.1x
2
)
. For greater values of dissipative coefficient, shock
profile becomes dominant and in such cases, solitary wave moves in a noisy medium
while reducing its energy due to radiation. We learn from the equation (20) that,
the cosine angle lz plays a serious role in the characteristics of solitary waves and
their propagation. In small angles between the direction of moving soliton and the
direction of magnetic field (lz ≈ 1) dissipative term goes toward zero and thus the
dissipation effects reduces, while for greater angles (about cos−1
(√
3
3
)
) the dissipa-
tive term becomes important, i.e. solitons emerge noticeable amounts of radiative
energies.
In order to find a physical sense, we present a crude estimation for the evolution
of a small amplitude solitary wave in the earth atmosphere. The earth magnetic field
varies from 30000nT in 0(latitude):+60(altitude) to 45000nT in 10:+90 [28], where
the magnetic field is almost horizontal. The electron (ion) density and temperature
at height 100 Km are about ne0 ≈ 2 × 10
11 (ni0 = 10
11)m−3 [29, 30] and Te ≈
2000− 3000◦K (Ti = 800− 1200
◦K) [31, 32]. Through mentioned values, the space
dependent magnetic field can be estimated as b ≈ 2400
(
1 + 0.5e−10
−6ξ2
)
in which
distance is normalized by the Debye length (about 11 Km). As the magnetic field
is so extended, initial position of the solitary wave has been located very far from
the center of perturbation. An interesting point in the figure 3 is the reduction of
the solitary amplitude during its travelling in the perturbation. It should be noted
that, in above area of the earth atmosphere, lz varies from 0.98 to 0.87 [28], but we
have taken the fixed value 0.9 in our calculations. This figure clearly indicates that
solitary amplitude reduces while moving in a varying magnetic field, however it is
able to travel long distances in the earth atmosphere.
IV. Conclusions and remarks
Propagation of small amplitude localized solution in a magnetized plasma containing
electrons and ions has been studied, when the magnetic field is a varying function of
space. It is a more realistic situation especially for the earth atmosphere. We have
shown that a space dependent magnetic field creates new effects through adding
a dissipative term to the equation of motion. Indeed the master equation for the
evolution of IASW changes from the KdV equation into the KdV-Burgers type
equation with a space dependent dissipation coefficient. As the equation has not
known exact solution we have studied the behaviour of solitary solutions numerically.
Our calculations show that, at the presence of varying magnetic field, solitons
radiate some amount of energies during their travelling through the varying magnetic
field. Radiated energy emerges as backward moving shock waves and its amplitude
is very sensitive to the variation of magnetic field and also the angle between the
direction of magnetic field and the soliton velocity. Moreover we have demonstrated
a crude estimation for the propagation of solitary waves in the earth atmosphere.
Our work is just first step of many investigations, which should be done. One
can consider effects of dusts, hydrothermal distribution for plasma constituents,
existence of warm plasma, considering multi component plasmas and many other
features in astrophysical and/or laboratory plasmas. It is possible that there exist
some sorts of instabilities in the propagating waves, which could be investigated.
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Figure 3: solitary solution travelling in the earth atmosphere, where magnetic field is the form
b ≈ 2400
(
1 + 0.5e−10
−6ξ2
)
.
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